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This paper studies magnetohydrodynamic (MHD) flow of Brinkman type nanofluids with the influence of heat

generation, chemical reaction and thermal radiation. The fluid is taken over a vertical plate flat passing

through a porous medium. Four distinct types of nano particles (Cu, Ag, TiO2 and Al2O3) are taken in a base

fluid H2O. The vertical plate with constant temperature is oscillating in its own plane. The flow is described by

the partial deferential equations with suitable initial and boundary conditions. The Laplace transform method

is used to obtain the exact solutions for velocity, temperature and concentration. These solutions are inter-

preted graphically using computational software Mathcad-15 to analyze the influence of embedded parameters

such as Brinkman parameter, permeability of porous medium, chemical reaction parameter, nano particle vol-

ume fraction, heat generation parameter, magnetic parameter and radiation parameter. Skin-friction, Sher-

wood number and Nusselt number are calculated mathematically.
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1. Background

Mostly substances of industrial significance such as

paint, pharmaceutical and cosmetics, asphalt, glue, parti-

cularly of multi-phase nature, polymeric melts are called

as non-Newtonian fluids [1, 2]. There are various types of

characteristics which led to much excitement of non-

Newtonian fluids. Therefore, the behavior of non-New-

tonian fluid is more valuable than the Newtonian fluid

behavior in nature as well as in technology. Each non-

Newtonian fluid has its own complex nature. Due to

which several non-Newtonian fluids model have been

suggested in literature. The Brinkman fluid model is one

of them. Darcy’s was proposed model for a problem of

examining the effect of boundary layer inserted in a

porous medium [3]. This model applies to a body flow

with less porosity. Darcy’s law is not applicable for a high

porous surface for this purpose Brinkman suggested a

model which is applicable for great holey surfaces [4, 5].

The viscous fluid in porous medium is exactly described

by the Brinkman equations for incompressible flow. How-

ever, limited researchers have been worked on this kind

of Brinkman fluid. Some studies are primarily published

on the Brinkman fluid with the effect of mass and heat

transfer, while such studies have numerous engineering

applications [6-10]. In this work, we will study Brinkman

type nanofluids together with mass and heat transfer.

Brinkman type nanofluids are made by incorporating

nano particles in base fluid in order to develop its thermal

conductivity. For the enhancement of thermal conducti-

vity numerous techniques are used in the literature for the

fluid suspended by micro, nano or huge size of particles

in fluids [11]. For this purpose, the first effective effort

was made by Choi et al. [12]. In his paper, he used the

nano scaled particles (less than 100 nm) in a base fluid to

improve thermal conductivity. This combination of nano

particle in a base fluid is termed as nanofluid. Nanofluids

have various applications as automotive, power plant

cooling, improving diesel generator efficiency etc. [13-

20].
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Loganathan et al. [21] achieved first time particular

solution for nanofluids with free convection flow. Madhava

Reddy Ch et al. [22] studied the combine analysis of heat

as well as thermal radiation with unsteady convection

flow of Brinkman fluid in a porous medium with chemi-

cally reacting. They also studied the dimensionless local

skin-friction for Brinkman fluid with porous medium.

Heat transfer passing through a section with absorption

and generation effects of heat of nanofluid is studied by

Kasmani et al. [23]. The influence of chemical reaction

with thermal radiation on MHD flow in the existence of

heat generation is considered by Shit et al. [24]. Das [25]

used a numerical technique to observe the MHD flow for

nanofluid which is electrically conducting and passes over

a perpendicular, permeable extending surface and the

existence of chemical reaction. He originates that the

concentration of nanofluid shows the decreasing effect on

chemical reaction parameter. Ali et al. [32] investigated

the Solutions with special functions for time fractional

free convection flow of Brinkman-type fluid. Furthermore,

Engine oil based brinkman-type nano-liquid is investigated

by Jan et al. [33]. He found a generalized solution by

using Atangana-Baleanu fractional model with molybdenum

disulphide nanoparticles of spherical shape. Kuznetsov

and Nield [34] studded the Thermal instability in a porous

medium layer saturated by a nanofluid by using Brinkman

model. Hydro magnetic stability of metallic nanofluids

(Cu-water and Ag-Water) by using Darcy-Brinkman model

is investigated by Ahuja et al. [35].

Uddin et al. [26] studied theoretically two-dimensional

MHD incompressible viscous free convection boundary

layer flow of nanofluid which is electrically accompany-

ing with chemical concentration past vertical surface.

They also analyzed the effect of several parameters on

velocity and chemical profile. The heat transfer effect is

investigated by Mohyud-Din et al. [27] furthermore the

same author is investigated the MHD fluid in parallel

disks in [28]. The combined effects of thermal conduc-

tivity and diffusivity on nanofluid using spherical and

cylindrical types of nano particles are investigated by

Xing Zhang et al. [29]. They took some specific types of

nano particles i.e (Al2O3, TiO2, CuO, CNT) with water

and toluene as a base fluid. Moreover, the instantaneous

chemical reactions with mass transfer are taking place in

gas-liquid systems, and hence the researchers are attracted

towards this field. Chemical reaction is either hetero-

geneous or homogenous. However, no one is investi-

gating to described the joint analysis of heat generating

along with thermal radiation and chemical reaction of

brinkman kind of nanofluid through a perpendicular plate

surrounded in a porous medium.

Based on the above literature and wide range of

applications of nanofluids, until this point, no investi-

gation has been made in the literature to inspect the

mutual analysis of thermal radiation, heat generation and

chemical reaction on MHD flow of Brinkman sort of

nanofluid over vertical plate enclosed in a porous medium.

Four kinds of nano particles i.e. (Cu, Ag, TiO2, Al2O3) are

considered in H2O as base fluid to examine the problem

under consideration. The exact solution of the problem is

obtained by the Laplace transform method. The concent-

ration, temperature and velocity are achieved, and plotted

in figures by using Mathcad 15 software with some

physical discussion.

2. Mathematical Equations and Solutions

Unsteady incompressible flow of brinkman sort of

nanofluid with the semi-unlimited porous space y > 0 is

deliberated. H2O is use as a base fluid. Magnetic field is

orthogonal to the fluid in order the fluid to be electrically

conducting. Fig. 1 is represent Physical model of the flow.

The effect of magnetic field is neglecting by assumption

of minor magnetic Reynolds number. Mass and heat

transfer phenomenon is well thought-out in the incidence

of radiation, heat generating term. Initially fluid and plate

are remain at rest at , with constant concentration

and temperature  and . For time t > 0 the

concentration and temperature levels linearly raised up to

Tw and Cw.

The radiative heat flux qr can be linearized to:

(1)
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Fig. 1. Physical model of the flow.
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where k* is coefficient of absorption, * is Stefan-Boltzmann

constant.

Under the above assumptions and in view of equation

(1), we developed the succeeding set of partial differential

equations:

(2)

(3)

(4)

Initial and boundary conditions are:

, (5)

Here  is the Brinkman parameter, u is indicates the

velocity profile of fluid in x-axis path, T is represent

temperature and C is represent concentration of fluid, Q0

is the heat generation term, the density of nanofluids is

represent by nf, nf is indicates the dynamic viscosity of

nanofluid, (0 <  < 1), k > 0,  is porous medium and k

is the permeability of porous medium, constant

temperature of the plate is denoted by Tw, (Tw < T∞ or Tw >

T∞) due to the cooled or heated plate, separately), k1 is

represent the chemical parameter and mass diffusivity is

denoted by Dnf. For nanofluid the expressions of (cp)nf,

()nf, nf, nf, nf, knf are known as:

(6)

where  the volume fraction of nanoparticles, (T)nf indicates

the thermal expansion coefficient, (c)nf indicates the

coefficient of concentration, density of base fluid and

particle is denoted by f, s. cp indicates the specific heat.

knf, kf, and ks represent the thermal conductivities of the

nanofluid, base-fluid, and solid particles respectively. The

expressions in equation (6) are classified to nano particles

[30]. For supplementary nano particles with unlike dynamic

viscosity, thermal conductivity, see to Table 1 [31].

Interpolating elements for non-dimensional,

(7)

By using the beyond dimensionless variables into

equations (2)-(5), we get the following dimensionless

equations

(8)

(9)

(10)

The dimensionless form of initial and boundary

conditions are 

(11)
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Table 1. Properties (Thermophysical) of nanofluids [31].

(kgm3) cp (kg1k1) k (Wm1k1)  × 105 (k1)

H2O 997.1 4179 0.613 21

Al2O3 3070 765 40 0.85

Cu 8933 385 401 1.67

TiO2 4250 686.2 8.9528 0.9

Ag 10500 235 429 1.89
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where , 1, Gr, M, Nr, Gm, , Sc and Pr are

Reynolds number, permeability of pours medium, heat

generation parameter, dimensionless Brinkman parameter,

thermal Grashof number, magnetic parameter, radiation

parameter, mass Grashof number, chemical reaction

Schmidt number, and Prandtl number respectively.

3. Exact Solution

By applying Laplace transform to Eqs. (8-11), with the

transformed boundary conditions and solving the resulting

differential equation for the transformed variables ,

 and  in the plane, we obtained 

, (12)

, (13)

, (14)

(15)

where 

After inverse Laplace transform and comprehensive

simplifications of the equations (12-14), the solutions can

be expressed as:

, (16)

, (17)

, (18)

where 

(19)

(20)

(21)

(22)

Re, 
1

K
----,

 , s 

 , s   , s  , s 

1

2 1

1
( , ) exp

c

s s

s c c


  

  
       

 1
( , ) exp ( )s Sc s

s
     

( , ) ( , ) ( , ) ( , ) ( , ) ( , )
i ii iii iv v

s s s s s s               

 

 

 

2 2

5 8

6 7

5 8

6 6 7 7

5 1

6 6 2 1

8

7 7

( , ) exp Re( )

1
( , ) exp Re( )

1 1
( , ) exp Re( )

1 1
( , ) exp

1 1
( , ) exp

i

ii

iii

iv

v

s s H

s

c c
s s H

c c s

c c
s s H

c s c c s c

c c
s s

c s c s c c

c
s Sc

c s c s


  



  

  


  

  

  


 
    
 

 
    

  

    
             

 
    

 ( )s 

0 02

5 6 7 8

1 1

2 2

Re
Re ReRe

, , , .
Re Re

Re Re

H
Gr Gmc Sc H

c c c c
c c Sc Sc

c c








   

 

   

1

2

2 1

1

2

2 1

exp
21

( , )
2

exp
2

c
i

c
erfc i

c c

c
i

c
erfc i

c c


 

 


  


 

 


  
  

        
     

  
  
                

 

 

exp
21

( , )
2

exp
2

Sc
Sc erfc

Sc
Sc erfc


 


  


 



  
  

  
  

  
    

  

( , ) ( , ) ( , ) ( , ) ( , ) ( , )
i ii iii iv v

                     

 

 

 

 

1
exp( )

4i

Re
( i ) ( i )

2

Re
( i ) ( i )

2

1
exp( )

4i

( , )

exp Re

+

Re
( i ) ( i )

2

Re
( i ) ( i )

2

exp Re

exp Re

+exp Re

i
i w

H w H w

H

erfc

erfc

e

w H w

i w

H w H w

H w H

rfc

erfc w

   


 




 






 




 





   
  
   
 

   
  
   

   

  







  
 


  


 










 
 
 
 

 
 

    

 

 

5 8

6 7

Re

2

R

exp Re
1

( , )
2

ex R
e

p
2

e

ii

H

H

H erfc
c c

c c
H erfc


 


  


 



 
 
 

 
 

 
 

  
  

 
  

 

 
  

 

 

 

 

 

5
6

6

6 6

6 6

8
7

7

7 7

7 7

( , ) exp( )
2

exp Re( ) ( )

exp Re( ) ( )

exp( )
2

exp Re ) )

exp Re ) )

Re

2

Re

2

Re
( (

2

Re
( (

2

iii

c
c

c

H c erfc H c

H c erfc H c

c
c

c

c erfc c

c erfc

H

c

H

H H

   


 




 






 




 




 

  
    

   
 

  
   





  

 

 
  

 

  
  

 


 
  
 


 
 


 
 
 

1 1
6 6

2 1 2 1

6

1 1
6 6

2 1 2 1
5

6
1

2 2

( , )

exp
21

exp( )
2

exp
2

exp
21

2

iv

c c
c erfc i c

c c i c c
c

c c
c erfc i c

c c i c cc

c
c

erfc
c i c

  

  
 




  
 



 






                          
 

       
                    

 
  

 


1

2 2

exp
2

i

c
erfc i

c i c



 
 



 
 
 
 
 
 
  
 
   
   
      
  

     
                 



 266  MHD Flow of Brinkman Type H2O-Cu, Ag, TiO2 and Al2O3 Nanofluids with Chemical Reaction
…

 Arshad Khan et al.

.

(23)

4. Skin friction, Nusselt number, 
Sherwood number

The expression for Nu, Cfx and Shx are:

(24)

where qw, w, qs are the dimensional wall heat flux, shear

stress and wall mass flux, represent as:

(25)

Using Eqns. (6) and (7), we have from Eqn. (24)

(26)

(27)

(28)

where  is local Reynolds number.

5. Results and Discussion

For better understanding the effects of parameters the

graphs for (, ), (, ) and (, ) are plotted in Figs.

2-18. Brinkman parameter , volume fraction , mass

Grashof number Gm,thermal Grashof number Gr, heat

generation parameter , magnetic parameter M, chemical

reaction parameter , permeability of porous medium k,

Schmidt number Sc, Prandtl number Pr, radiation parameter

Nr. For computational analysis four different types of

nano particles that is Ag, TiO2, Cu, Al2O3 are considered

with water as a based fluid. The inspiration of Brinkman

parameter  on velocity is highlight in Fig. 2, if the

Brinkman parameter is zero then the velocity is greater

and increasing Brinkman parameter, decrease the velocity

profile. It is due to drag force.

In Figs. 3 and 13 the stimulation of nano particles

volume fraction on temperature and velocity profile are

studied respectively. The range of is taken in between 0
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Fig. 2. (Color online) Brinkman parameter  graph for veloc-

ity.

Fig. 3. (Color online) Volume fraction of nanoparticles 

graph for velocity.
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and 0.04. In both cases nano particles volume fraction 

shows a decreasing effect on temperature and velocity

profiles which shows the application of nano particles in

Brinkman type fluid.

Figure 4 highlights the influence of thermal Grashof

number Gr and in Fig. 5 the effect of mass Grashof

number Gm is highlighted. Both graphs show identical

behavior on velocity profile that velocity increases with

increasing Gr and Gm. However, the thermal Grashof

number Gr shows more increasing effect on velocity as

compare to that of mass Gm. It is because of buoyancy

force which enhance the temperature and concentration

gradients. The influence of permeability of porous medium

K and magnetic parameter M on velocity profile is shown

in Figs. 6 and 7. Opposite behavior of M and K is noted.

The permeability of pours medium K increases the

velocity and magnetic parameter M shows reducing effect

on velocity with increasing values of M. The stimulation

of radiation parameter Nr on velocity and temperature

profile is studied in Figs. 8 and 16. Rising in radiation

parameter Nr shows arise in temperature and leads to the

increasing velocity profile. The significance of Prandtl

Fig. 4. (Color online) Thermal Grashof number Gr graph for

velocity.

Fig. 5. (Color online) Heat generation parameter Gm graph for

velocity.

Fig. 6. (Color online) Permeability of pours medium K graph

for velocity.

Fig. 7. (Color online) Magnetic parameter M graph for veloc-

ity.

Fig. 8. (Color online) Radiation parameter Nr graph for

velocity.

Fig. 9. (Color online) Prandtl number Pr graph for velocity.
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number Pr on velocity and temperature profile is studied

in Figs. 9 and 14. Increasing Prandtl number Pr shows a

decreasing effect on velocity and temperature. The

influence of Schmidt number Sc is reported in Figs. 10

and 17 for both velocity and concentration profile, the

concentration boundary layer thickness is reduced for a

large value of Sc, which leads to the decreasing velocity

and concentration profiles.

Figures 11 and 15 highlight the inspiration of heat

generation parameter  on both the velocity and temperature

profiles. An identical behavior is noted. It is due to heat

absorption.

In Figs. 12 and 18, it is detected that an upturn in

chemical reaction parameter , decrease the velocity along

concentration profiles. Actually it is really true because

when  rises this leads to a reduction in the concentration

and, finally reductions is occur in velocity profile.

A comparison of the four different sorts of nanofluids

namely H2O-Ag, H2O-Cu, H2O-TiO2 and H2O-Al2O3 is

given in Fig. 19 for not the same values of nanoparticles

volume fraction parameter . It is bring into being that

H2O-Al2O3 have greater velocity as compare to other

Fig. 10. (Color online) Schmidt number Sc graph for velocity.

Fig. 11. (Color online) Mass Grashof number  graph for

velocity.

Fig. 12. (Color online) Chemical reaction parameter  graph

for velocity.

Fig. 13. (Color online) Volume fraction of nanoparticles 

graph for temperature.

Fig. 14. (Color online) Prandtl number Pr graph for tempera-

ture.

Fig. 15. (Color online) Heat generation parameter  graph for

temperature.
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nano particles. It is physically true that Al2O3 nano

particles have high thermal diffusivity as compare to

other nano particles. Therefore velocity profile is greater.

6. Conclusion

The performance of MHD flow of chemical reaction,

heat generation with thermal radiation effect on Brinkman

sort of nanofluid in excess of perpendicular plate in a

porous medium is studied. The exact solution of velocity,

concentration and temperature profile is gained by using

Laplace transform. Specific important results are listed

Fig. 16. (Color online) Radiation parameter Nr graph for tem-

perature.

Fig. 17. (Color online) Concentration plot for Schmidt number

Sc.

Fig. 18. (Color online) Concentration plot for chemical reac-

tion parameter .

Fig. 19. (Color online) Comparison of velocities plot of nanofluids.
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here.

• Brinkman parameter  prompts diminish the velocity

profile.

• Both the mass and thermal Grashof number Gm, Gr

increases the profile velocity.

• Thermal Grashof number Gr has greater effect then

mass Grashof number Gm.

• The velocity growths with increasing K, Gr, Gm, Nr,

 and drop with decreasing , M, Pr, Sc, .

• The effect of Al2O3 shows greater velocity profile as

compare to other nano particles.
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