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This paper presents a new stator topology of fractional-slot concentrated-windings permanent-magnet (FSCW-

PM) machine in order to reduce the electromagnetic vibration. First of all, the space orders and corresponding

frequencies of the lowest order radial force of FSCW-PM machines is studied. A 12-slot/10-pole FSCW-PM

machine is used as an example, and its lowest order radial force harmonics are calculated by analytical method

and finite element method, respectively. Then, in order to minimize the amplitude of the vibration acceleration,

a new stator structure of 12-slot/10-pole machine is designed, by which the amplitude of the lowest order radial

force is greatly reduced. Afterwards, the modal and vibration experiments are performed. The result shows

that the 2nd order radial force with 2f0 frequency contributes most to overall vibration. Finally, vibration simu-

lation models of both machines are established, the results show that the machine with unequal teeth design

effectively reduce the electromagnetic vibration.
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1. Introduction

Fractional-slot concentrated-windings permanent-magnet

(FSCW-PM) machines have received great attention in

many fields due to their advantages such as easy manu-

facture, high power density, high efficiency, low torque

ripple, good flux-weakening and fault-tolerant performance

[1-3]. However, the abundant armature magnetomotive

force (MMF) harmonics in FSCW-PM machines produce

low-order radial force harmonics, which aggravating the

electromagnetic vibration performance [4, 5]. Especially

in low-vibration applications such as household appliances,

electric vehicles and naval vessels [6-8], low electromagnetic

vibration is a critical indicator to electric machines.

Differing from integer-slot PM machines, FSCW-PM

machines suffer from high electromagnetic vibration. This

is because the existence of low-order radial force harmonics.

Refs. [9-11] investigated the electromagnetic performance

and vibration characteristics of FSCW-PM machines,

which have different slot (Qs) and pole (2p) combinations.

For the selections of slot and pole combination, it is

difficult for a machine to acquire both high torque density

and low electromagnetic vibration at the same time. The

high least common multiple (LCM) of slots and poles is

required to increase windings factor while high greatest

common divisor (GCD) of slots and poles is required to

restrain low-order radial force harmonics. The most

popular selections of the FSCW-PM machine topologies

in electric machine include 9-slot/6-pole, 12-slot/8-pole,

12-slot/10-pole and 15-slot/10-pole, among which the 12-

slot/10-pole one has the greatest LCM (Qs, 2p) and the

least GCD (Qs, 2p). Hence, the 12-slot/10-pole FSCW-

PM machine possesses the highest windings factor and

torque density. Regrettably, this machine suffers from

significant 2nd order radial force which can cause excessive

vibration in the machine.

It is well known that the radial force results from the

interaction between PM field and armature reaction field

harmonics. Recently, many techniques have been reported

to decrease or even eliminate some specific armature MMF

harmonics, adopting delta-star windings, using asymmetric

number of turns and applying phase shift by doubling slot

numbers were studied in [12-14]. However, these MMF

harmonics reduction methods are effectual to specific

harmonics but immune to the tooth harmonics. Also, it

has been revealed in [15] that the elimination of sub-
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harmonics have little impact on reducing electromagnetic

vibration.

Moreover, in order to reduce low-order radial force and

electromagnetic vibration, several optimal methods on

geometry of FCSW-PM machines have been proposed.

Ref. [16] proposed three novel stator structures based on

inserting auxiliary slots, and these methods have different

effect on reducing unbalanced magnetic force. In [17], the

proposed FT-FSPM machines with skew rotor teeth and

double fault tolerant teeth provide desirable reduction of

electromagnetic vibration and noise. Besides, the relation-

ship between radial force and slot opening width is studied

to reduce the electromagnetic vibration and noise [18].

The result shows that the optimized machine has decreased

electromagnetic noise up to 6dB than the original one.

However, the aforementioned methods suffer from torque

sacrifice, and they are restricted by the machine operation

modes. Ref. [19] proposes a new method to reduce the

tooth harmonics in FSCW-PM machine. The paper with

unequal tooth design only mentions that this technique is

beneficial for reducing motor vibration. However, it lacks

further explanation and analyses of the specific reasons

for motor vibration reduction.

This paper aims to reduce the electromagnetic vibration

of the FSCW-PM machine with unequal tooth techniques,

and it contains electromagnetic analysis, structural modal

analysis and vibration response analysis. First of all, the

expression of space order and corresponding frequency of

radial force for FSCW-PM machines is derived. Also, the

lowest order radial force harmonics are analytical calculated,

and it verified by finite element method (FEM). Accord-

ing to the MMF harmonics source of the lowest order

radial force, a new stator structure of 12-slot/10-pole

FSCW-PM machine is designed to reduce the lowest order

radial force harmonic and electromagnetic vibration. It is

pointed out that the output torque capability of the newly

designed machine can be kept same as the original one.

Then, vibration modes and corresponding natural fre-

quencies are predicted by FEM, and the vibration analysis

is performed to predict vibration acceleration by modal

superposition method. Finally, the effect of vibration re-

duction of the designed machine is validated by simulated

results. Also, the predicted vibration acceleration results

show that the newly designed machine effectively reduces

the electromagnetic vibration.

2. Radial Force Analysis

The amplitude of vibration displacement is approxi-

mately inversely proportional to the fourth power of the

radial force order. Hence, the lowest order of radial force

plays a dominant role in generating electromagnetic vib-

ration [20]. In order to reduce the lowest order radial

force, it is necessary to investigate the generation principle

of the lowest order radial force.

According to Maxwell Stress Tensor method, the radial

force Pr (θ, t) can be expressed as [21]

 (1)

where Br(θ, t) and Bt(θ, t) are radial and tangential flux

density in air-gap, respectively, μ0 is the permeability of

vacuum, t is the time and θ is the space mechanical angle.

The tangential flux density can be neglected because of

its insignificant amplitude.

Considering the stator slotting effect in FSCW-PM

machine, the air-gap permeability is no longer a constant.

Air-gap permeance distribution function λgap can be ex-

pressed as

 (2)

where λ0 is the average air-gap permeance, k is the order

of permeance, λk is the amplitude of kth permeance. The

radial force generated by the interaction between the PM

magnetic field flux density and armature reaction flux

density. The PM magnetic field flux density Bpm can be

expressed as

 (3)

where Fpm is the MMF of PM magnetic field, vr is the

order of PM MMF harmonics, Fr and Br are the

amplitude of vr
th PM magnetic field MMF and flux

density, ω is the electromagnetic angular velocity. Also,

the armature reaction flux density Barm can be expressed

as
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(4)

where Farm is the PM MMF, vs is the order of armature

reaction MMF harmonics, Fs and Bs are the amplitude of

vs
th armature reaction magnetic field MMF and flux

density, μ is the rotation direction of the vs
th armature

reaction MMF harmonic, with -1 for forward rotating and

1 for backward rotating. The air-gap radial flux density Br

(θ, t) contains two parts, when the saturation of the

magnetic field is ignored. It can be written as

 (5)

Substituting (3)-(5) into (1), the radial force can be

expressed as

 (6)

According to the magnetic harmonic sources, the radial

force can be divided into three categories, namely ,

 and 2BpmBarm, and each category can be divided into

three parts after polynomial expansion. To simplify

calculations, only the 1st tooth permeance is considered,

and the space orders with corresponding frequencies of

nine parts are summarized in Table 1, where f0 is the

electric frequency of machine.

It can be seen that low-order radial force harmonics are

caused by the air-gap magnetic field and stator slotting

effect. It is worth noting that the lowest order of radial

force for FSCW-PM machines with close number of slots

and poles is Qs-2p. Actually, the value of Qs-2p is always

equal to that of GCD (Qs, 2p), so the FSCW-PM machines

with close number of slots and poles, such as 9-slot/8-

pole, 12-slot/10-pole and 15-slot/14-pole have worse

vibration performance.

3. Validation of Radial Force Derivation

As shown in Fig. 1, in order to verify the above-

mentioned derivation of the radial force, a 12-slot/10-pole

FSCW-PM machine is used to verify its correctness. This

machine has excellent electromagnetic characteristics such

as low torque pulsation, high efficiency and good fault

tolerance. However, it is unsuitable for the low vibration

applications due to the large amplitude of 2nd order radial

force harmonics. In this Section, the lowest order of radial

force components are calculated by analytical method,

and above derivation of radial force orders and frequencies

distribution are verified by 2-D fast Fourier transform.

Main parameters of the 12-slot/10-pole FSCW-PM machine

are listed in Table 2.

As mentioned above, FSCW-PM machines suffer from
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abundant armature magnetic field harmonics, and these

harmonics will interact with PM field harmonics to pro-

duce low-order radial force harmonics. PM flux density

harmonics and armature flux density harmonics are shown

in Fig. 2.

The 2nd order radial force is mainly produced by flux

density harmonics with order difference of 2, such as 5th

PM field and 7th armature field, 5th armature field and 7th

armature field, 11th armature field and 13th armature field.

Table 3 lists the amplitude and frequency of each 2nd

order radial force harmonics resulted from different flux

density harmonics. Since the 5th PM field has the largest

amplitude, the interaction between 5th PM field and 7th

armature field is the dominant component of 2nd order

radial force. It worth noted that the same order compo-

nent of radial force should be superposed by vectors,

rather than amplitude, hence some radial force harmonics

may even decrease the total amplitude.

Radial force is a function of time and space, and 2-D

fast Fourier transform is conducted to obtain the order

and frequency of each radial force harmonics. Fig. 3

shows the 2-D Fourier decomposition of the radial force

at current 15 A and 1000 r/min. The 2nd order radial force

with 2f0 frequency is marked by green circles. Although

the amplitude of 2nd radial force is relatively small, it can

excite large electromagnetic vibration due to its lower

order. The 10th radial force has the greatest amplitude, but

the impact on electromagnetic vibration is not obvious

due to its higher order. Therefore, without sacrificing the

Fig. 1. (Color online) Cross section of 12-slot/10-pole FSCW-

PM machine.

Table 2. Main parameters of the FSCW-PM machine.

Fig. 2. (Color online) Radial flux density of PM and armature

field.

Table 3. Calculation of 2nd radial force harmonics.

Fig. 3. (Color online) Space and time decomposition of radial

pressure.
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output torque, reducing the lowest order radial force

harmonic is the most effective method to suppress the

electromagnetic vibration.

4. New Stator Design

The 2nd order radial force is the main reason for over-

large electromagnetic vibration in the 12-slot/10-pole

machine. It can be seen from Table 3 that the 2nd order

radial force mainly resulted from the interaction between

5th order PM field and 7th order armature field harmonic.

The 5th order PM field is the working wave, which relates

to the output torque. So, reducing the 7th order armature

field harmonic is the key point to decrease the 2nd order

radial force.

As can be seen from (4), in addition to the pth order flux

density, it also exhibits (p+Qs)
th and (p-Qs)

th order flux

density harmonics. These specific harmonics are the so-

called tooth harmonics which caused by stator slotting. In

FSCW-PM machines, these specific armature MMF

harmonics order are satisfied

 (7)

Because the tooth harmonics have same winding factors

with that of the fundamental wave, conventional MMF

harmonics reduction methods are immune to them. Fig. 4

shows the newly designed stator structure of a 12-slot/10-

pole FSCW-PM machine with unequal teeth, as compared

with the existing one. In addition to the slot opening

position, the newly designed machine has the same para-

meters with that of the existing one, as listed in Table 2.

Since the magnetic field always takes the path with the

smallest reluctance. The magnetic field flux line distribu-

tion of the proposed machine has changed due to the

offset of slots position. The magnetic field flux line

distribution of the proposed design and existing machine

are shown in Fig. 5.

It is well known that the magnitude of each order

armature MMF can be expressed as

 (8)

where m is the phase number, N is the total number of

turns in one phase, I is the magnitude of current, kN is the

windings factor, and kN can be expressed as

 (9)

where kq and ky are distribution factor and pitch factor, α

is adjacent slot opening angle. Therefore, the relationship

between the magnitude of each armature MMF harmonics,

harmonic order vs and adjacent slot opening angle α can

be expressed as

 (10)

As shown in Fig. 6, the amplitude of 1st, 5th and 7th

order armature MMF harmonics vary with the adjacent

slot opening angle α. In order to keep the 5th order MMF
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Fig. 4. (Color online) Stator structures of both 12-slot/10-pole

machines. (a) Existing. (b) Proposed.

Fig. 5. (Color online) Magnetic field flux line distribution. (a)

Existing. (b) Proposed.

Fig. 6. (Color online) Armature MMF variation.
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harmonic constant, α = 42 mechanical degree has been

selected as shown in Fig. 4. Under this circumstance, the

7th order MMF tooth harmonic is significantly reduced in

the proposed machine. Each MMF space harmonics are

shown in Fig. 7. Although some MMF harmonics such as

1st, 11th and 13th order have increased, their contributions

to the 2nd order radial force are extremely weak. 

Fig. 8 shows the electromagnetic output torque. Since

the 5th order working wave keeps unchanged, the average

output torque of the designed machine is almost un-

changed. The Maxwell stress method can be used for

calculating the motor electromagnetic torque, and the

electromagnetic torque can be expressed as

 (11)

where R is the radius of the air-gap, lef is the laminated

length, m0 is the vacuum permeability, Br and Bt are the

radial and tangential components of the flux density under

rate load, Tv is the electromagnetic torque generated by

the vth order flux density harmonic. Br, Bt and Tv can be

expressed as

 (12)

 (13)

where Brv and Btv are the amplitude of vth order radial and

tangential flux density harmonics. qrv and qtv are the phase

of vth order radial and tangential flux density harmonics.

From (12) and (13), it can be concluded that only the

same harmonic order of flux density harmonics can

produce a stable electromagnetic torque. Fig. 9 shows the

contribution of 1st, 5th and 7th order flux density harmonics

to electromagnetic torque. It can be seen that the 1st and

7th order flux density harmonics have little contribution to

the electromagnetic torque, and the total torque of the

machine is mainly generated by the 5th flux density

harmonic.

The proposed machine has larger torque ripple than the

existing one, and the main reason is that the cogging torque

of the proposed machine has increased. The cogging

torque can be calculated by using the Maxwell stress

method. The contribution of different flux density harmonics

to cogging torque is shown in Fig. 10. It can be seen that

the maximum contribution to the cogging torque is the 5th

order flux density harmonic, and the 1st and 7th order flux

density harmonics have little effect on the cogging torque.

Due to the slot position offset of the proposed machine,

the 6th order cogging torque harmonic component cannot

be cancelled out. Therefore, the offset of the slots position

is responsible for the increased cogging torque of the

proposed machine, rather than the changes of the flux
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Fig. 7. (Color online) MMF comparison spectrum of both

machines.

Fig. 8. (Color online) Output torque comparison of both

machines.

Fig. 9. (Color online) Contribution of different flux density

harmonics to electromagnetic torque.

Fig. 10. (Color online) Contribution of different flux density

harmonics to cogging torque.
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density harmonics.

Fig. 11 is the spatial distribution of radial force at a

certain moment. It can be clearly seen that the newly

designed machine has more uniform spatial distribution

of radial force than the existing one. It can be concluded

that the existing machine contains more 2nd order radial

force components. Spatial spectrum analysis of radial

force is performed to obtain the accurate content of each

order radial force, and the first 8 orders of radial force are

shown in Fig. 12. Compared with that of the existing

FSCW-PM machine, the 2nd order radial force of the pro-

posed one is reduced about 43.2 %. It is mainly because

the newly designed stator structure can effectively reduce

the 7th order MMF tooth harmonic. In addition, the increase

of the 4th, 6th and 8th order harmonics have little influence

on electromagnetic vibration for their high order.

5. Electromagnetic Vibration Analysis

5.1. Modal analysis

The radial force has been calculated by Maxwell Stress

Tensor method, which will be applied as an excitation on

the stator inner surface, thus causing electromagnetic vib-

ration. Through the modal analysis, the natural frequency,

damping and modal shape characteristics of the structure

can be obtained. Actually, vibration response is the super-

position of various vibration modes. In order to study the

dynamic characteristics of the machine structure, the basic

dynamic equation for the machine is built and expressed

as

 (14)

where [M], [C], and [K] are the mass, damping, and

stiffness matrices, respectively, {x(t)} is the vibration dis-

placement vector, and {F(t)} is the excitation.

Generally, the damping of machine stator can be neglected

because it is quite small. When the excitation {F(t)}is not

applied and the damping is neglected, (14) can be derived

as

 (15)

Therefore, the modal frequency can be written as

 (16)

Modal frequency is subject to the distribution of stiff-

ness and mass. Namely, the modal frequency can be

adjusted by modifying the structure parameters to avoid

machine resonance.

A 3-D structural model is established to obtain modal

parameters. Since the stiffness of the winding can be

ignored, the winding can be equivalent to the mass and
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Fig. 11. (Color online) Spatial distribution of radial force.

Fig. 12. (Color online) Radial force spectrum comparison of

both machines.

Fig. 13. (Color online) FEM model and mode shapes. (a)

Mesh. (b) 2nd mode (2125 Hz). (c) 3rd mode (5080 Hz). (d)

4th mode (7489 Hz).
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attached to the stator teeth. Fig. 13 shows the mesh of 3-

D FEM model and the first 4 order modes. Since the

housing and end cap increase structural stiffness of the

stator assembly, these modal frequencies are much higher

than that of radial force. The first 4 orders of modal

frequencies are 2125 Hz, 5080 Hz, and 7489 Hz. For the

12-slot/10-pole machine. Since the 2nd order radial force

harmonics and the 2nd order mode play dominant roles in

generating vibration, the modal experiment will be con-

ducted to further study the vibration characteristics in the

next section.

5.2. Vibration analysis

When the machine rotates, the alternating radial force

will produce electromagnetic vibration displacement on

the stator. The forced vibration displacement amplitude Yn

is expressed as

 (17)

where ωr is angular frequency of radial electromagnetic

force, R is average radius of stator yoke, E is the elastic

modulus, J is structural geometry parameter, n represents

the radial force order, and fr is the radial force frequency.

In order to verify the electromagnetic vibration of both

12-slot/10-pole machines, 2-D electromagnetic and 3-D

structural model are established. Fig. 14 shows the pre-

dicted vibration acceleration spectrogram of the 12-slot/

10-pole machine. It can be seen that the largest value of

the vibration acceleration is about 1.6 m/s2, and it

occurred at 167 Hz, the frequency of the maximum value

matches well with that of the 2nd order radial force. In

addition, the peak values of vibration acceleration appear

at an even multiple of the electrical frequency, and the

vibration acceleration at 2nd modal frequency is relatively

large.

6. Experiment Validation

6.1. Modal Experiment

Modal experiment is conducted to obtain actual modal

parameters and compare with the FEM modal simulation.

As shown in Fig. 15, the stator assembly is suspended in

a free state. The predicted and measured vibration shapes

and frequencies of 2nd order vibration mode are compared

in Table 4. The error between FEM-predicted and mea-

sured results is about 0.8 %, so the 3-D structure FEM

results is accurate. Since the existing and newly designed

stator structures are similar in geometric parameters, their

modal shapes and corresponding natural frequencies are

almost same. So, the modal analysis is conducted only for

the existing stator to avoid repeated operations. For both

12-slot/10-pole machines, the 2nd order radial force fre-

quency is 167 Hz, which is far from the 2nd order modal

frequency of 2125 Hz, the resonance will not happen for

such huge difference.

6.2. Vibration Experiment

Fig. 16 shows the prototype of the 12-slot/10-pole

FSCW-PM machine and vibration experiment platform.

The experimental results of the three-phase no-load back-

EMF waveforms at the speed of 310 r/min are shown in

Fig. 17(a). The experimental and simulated results of the
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Fig. 14. (Color online) Predicted electromagnetic vibration

acceleration spectrogram.

Table 4. (Color online) Modal shape and frequency.

Fig. 15. (Color online) Modal experiment of prototype.
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back-EMF waveforms are compared in Fig. 17(b). It can

be seen that the measured result is about 3 % lower than

the simulated one, which is mainly due to the effect of

lamination factor and manufacturing error.

The acceleration sensor is fixed to the surface of the

machine housing to collect vibration data. Fig. 18 exhibits

the comparison of vibration acceleration between the

predicted and measured results at rated-load. The peak

amplitude of vibration acceleration is occurred at fre-

quency 2f0, and the predicted results match with that of

the experimental ones. It should be pointed out that since

the machine is tightly fixed on experiment platform, it is

in a constrained state, rather than a free state. Consequently,

the 2nd modal frequency advances to about 1125 Hz, but

the resonance still does not happen. Fig. 19 compares the

vibration acceleration of the 12-slot/10-pole prototype

machine under no-load and load conditions. The accele-

ration amplitude at rated-load is much larger than the one

at no-load condition. It illustrates that the lowest order

radial force is mainly result from the armature MMF

harmonic, the newly designed machine can effectively

reduce armature MMF tooth harmonics, and thus reduc-

ing electromagnetic vibration, which will be verified in

Section 6.3.

6.3. Reduction Verification of Electromagnetic Vibra-

tion 

Based on the foregoing analysis on radial force, the

newly designed FSCW-PM machine has greatly reduced

the 2nd order radial force harmonics. Fig. 20 compares the

vibration deformation between the existing and proposed

machines at 167 Hz. Because the 2nd order radial force

harmonics play the dominant role, the vibration shapes

are ellipse. Due to the reduction of 2nd radial force har-

monics, the vibration displacement of the newly designed

machine reduced from 1.8 μm to 0.33 μm. Fig. 21 com-

pares the electromagnetic vibration acceleration of the

existing and proposed 12-slot/10-pole FSCW-PM machines

Fig. 16. (Color online) Vibration experiment. (a) Prototype. (b) Experiment platform.

Fig. 17. (Color online) Phase back-EMF. (a) Experimental

results (10 V/div, 10 ms/div). (b) Comparison of the experi-

mental and simulated waveforms.

Fig. 18. (Color online) Comparison of measured and predicted

vibration results.

Fig. 19. (Color online) Comparison of vibration under on-load

and no-load conditions.
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in frequency range of 10 to 2500 Hz. The maximum

value of electromagnetic vibration occurs at 2f0 (166.7

Hz), which is consistent with the previous analysis of

radial force. The electromagnetic vibration of the 12-slot/

10-pole FSCW-PM machine had been effectively reduced

by adopting the newly design stator structure. So, the new

stator structure has great significance for reducing the

electromagnetic vibration of the 12-slot/10-pole FSCW-

PM machine.

7. Conclusion

In this paper, the unequal teeth design for vibration

reduction of FSCW-PM machines has been designed and

analyzed. This paper begins with the analysis of the

lowest order radial force harmonic generation mechanism

of FSCW-PM machines. Through the calculation of the

lowest order radial force of 12-slot/10-pole machine, it

has been found that the armature MMF tooth harmonic

contribute most to the lowest order radial force. Then, a

new stator structure has been designed to reduce armature

MMF tooth harmonic by adopting unequal teeth technique.

The tooth harmonic and 2nd order radial force have been

reduced 43.4 % and 43.2 %, respectively, while the output

torque is kept almost invariable. Subsequently, the modal

analysis and experiment has been conducted to obtain

modal parameters such as modal shapes and frequencies.

The frequencies of radial force harmonics are far from the

corresponding modal frequencies, so the resonance has

been avoided. Finally, the vibration simulation and experi-

ment have been conducted on the prototype. Both results

have verified the correctness of radial force derivation,

and it shows that the newly designed machine effectively

reduce the electromagnetic vibration. The analyses of this

paper for vibration reduction by unequal tooth technique

is also useful for other FSCW-PM machines.
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